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An economically viable fusion reactor must sustain high-pressure, stable equilibria. It is often predicted that the short wavelength pressure-driven instability, the ballooning mode, will be the instability that limits the obtainable plasma stored energy. This letter will present an expression describing how ballooning stability will vary as an arbitrary threedimensional equilibrium is varied and predicts whether a configuration will possess a second stable region, in which equilibria may possess arbitrarily large pressure-gradients and not be limited by ballooning instability. The technique depends on a two-stage approach. Initially, the method of profile variations is used to construct families of neighboring magnetostatic equilibria [1, 2] . Subsequently, a perturbation approach is employed to estimate the effect these variations have on the ballooning eigenvalue.
Second stability is the paradoxical phenomenon where increased pressure-gradient can stabilize ballooning modes. The effect of second stability has long been known in the (axisymmetric) tokamak community [1] , but it is not clear how the (non-axisymmetric) stellarator will behave. The three dimensional geometry of stellarators gives rise to increased complexity in equilibrium and stability calculations. Indeed, the complexity requires equilibrium and stability studies to be performed numerically at significant computational cost, a fact which highlights the importance of this work: that analytic predictions of stability can be derived.
An equilibrium is obtained when the Lorentz force balances the pressure-gradient force, J × B = ∇p. The equilibrium is determined by the plasma boundary, the pressure profile, and an additional profile quantity such as the current density or rotational-transform.
The rotational-transform, ι -, measures the pitch of the magnetic field lines as they twist around the torus. By considering a small displacement, of the form ξ(x) exp(−iωt), from an equilibrium, linear stability is determined by an eigenvalue equation, −ω 2 ρξ = F(ξ), where
If this equation allows a growth rate such that ω 2 < 0, the perturbation will grow.
To study ballooning modes, the WKB eikonal representation ξ =ξ exp[inS] is employed [3, 4] , where n is the (large) toroidal mode number, k = ∇S(x) is the wave vector, and to lowest order in 1/n it is assumed that k · B = 0. The stability condition reduces to an eigenvalue problem, the ballooning equation, which is local to a field line and simpler to solve numerically. Of primary importance is the boundary between stable and unstable equilibria:
the marginal stability boundary.
In this letter we consider how the stability of an arbitrary equilibrium will vary, as the equilibrium itself is varied. In particular, an analytic expression for how the ballooning growth rate, of a selected field line with given radial wave vector, depends on small variations in the pressure-gradient, δp , and rotational-transform-gradient (the average magnetic shear), δ ι -, is derived. This expression allows the marginal stability boundary for the selected field line in the given equilibrium to be determined immediately, and can also predict the existence, or otherwise, of the second stable region.
Recent work on the topic of second stability has indicated that some stellarator configurations do possess second stability [5] , and that some do not [6] . The question thus arises :
what property of the configuration determines whether a second stability region will exist?
The 'brute-force' approach is to numerically compute an equilibrium and solve the ballooning eigenvalue equation. The pressure is then increased and the process repeated. This process is tedious and imparts little insight. More importantly perhaps, is that this method cannot ascertain if whether, beyond a region of instability, there lies a second stable region.
A better approach, the method of profile variations, was introduced by Greene & Chance shear is the dominant stabilizing mechanism. The equilibrium itself is then adjusted to preserve force balance, and a family of semi-analytic neighboring equilibria is constructed.
For each such constructed equilibrium, the ballooning equation may be re-solved numerically (exactly) and marginal stability diagrams constructed. Such diagrams are widely used to study tokamak stability, and recently the analysis has been extended to stellarator geometry [2, 7] . This method eliminates the need to re-compute the equilibrium, and illuminates the role of the local magnetic shear.
The mechanism for second stability was determined to be that pressure induced variations in the parallel current, J = J · B/B 2 , cause variations in the local shear, which may strengthen the stabilizing force in regions of unfavorable curvature. A related pressureinduced stabilization phenomenon that should be mentioned, is when increased pressure alters the geometry of the configuration [8] [9] [10] . While this mechanism can modify the stability properties, it is generally a smaller effect, as is verified by brute force equilibrium 4 reconstruction and stability analysis [11] .
In this letter we build upon the method of profile variations and make the realization that it is not necessary to re-solve the ballooning equation for the semi-analytically constructed equilibria. Whether ballooning stability will improve or degrade as the pressure-gradient is increased can be inferred from information obtained directly from the original equilibrium.
An expression for how the ballooning eigenvalue depends on variations in the pressuregradient and average shear is derived.
Following Hegna & Nakajima [2] , hereafter HN, we consider an equilibrium expressed in Boozer coordinates (ψ, θ, ζ), being the toroidal flux function, the poloidal angle and the toroidal angle respectively [12] . In these coordinates, the magnetic field takes the form 
where γ = −ω 2 is the local eigenvalue and the ballooning coefficients are given by [2] 
where R = √ g 2 P , p = dp/dψ is the pressure-gradient, g ψψ = ∇ψ · ∇ψ, √ g is the Jacobian, κ n , κ g are the normal and geodesic curvatures and L is the integrated local shear
The local shear is written
where g ψθ = e ψ · e θ and g ψζ = e ψ · e ζ . This is an Sturm-Liouville eigenvalue equation with boundary condition ξ(±∞) = 0. To determine stability, it is necessary to determine the largest eigenvalue γ. In the following, we will solve the ballooning equation for a prescribed equilibrium and determine the unstable eigenvalue and its eigenfunction. Subsequently, this eigenfunction will be used to determine the stability properties as a function of variations in the plasma profiles. It should be emphasized in this procedure that only this one ballooning eigenvalue equation need be solved.
To study the effect of increasing pressure-gradient we follow HN, who applied the method of profile variations to stellarators, and introduce variations in the pressure-profile p(ψ) and rotational-transform profile ι -(ψ), at a selected surface ψ = ψ b , of the form
where µ is a small expansion parameter and barred quantities include the effect of the variations. The auxiliary variable y = (ψ − ψ b )/µ is used to ensure that the variations in the pressure-gradient and average shear are O(1), whereas the variation in the pressure and rotational-transform are O(µ). The rationale for imposing such variations is that it is the pressure-gradient and shear, rather than the pressure and rotational-transform, that directly influences ballooning stability. In the following, the notation δp = dδp/dy, δ ι -= dδ ι -/dy (but p = dp/dψ, ι -= d ι -/dψ) is used.
All physically relevant quantities are similarly varied. The variations are constrained by requiring that the system satisfy ∇p = J × B and that the magnetic field strength be undisturbed to lowest order. The coordinate transformation is writtenx = x(ψ, θ, ζ) + µ δx(y, θ, ζ), with basis vectorsē
For consistency, both G and I are varied similarly to p and ι -, and h requires order unity variations. The O(1) quantity in the basis vector variations is ∂ y δx, which is expanded in a basis defined by the magnetic field
Expressions for C, D and M are provided by HN. The term D is particularly relevant and it is determined by the equation
where 4π 2 Q ≡ dθ dζQ is the flux surface average, λ is the ratio of the Pfirsch-Schlüter current to the pressure-gradient λ = −(J − J )/p V , and V is the average Jacobian.
From Eqn. (6), it can be shown that the local shear has O(1) variations and takes the form
, and the integrated local shear is written
where
As far as the ballooning equation is concerned, it is only the local shear, and of course p and ι -, that is altered by the variations. In particular, the normal and geodesic curvatures 
Using the shorthand notation, ξ 1 |F |ξ 2 ξR ξdη = ξ 1 F ξ 2 dη, the first order derivatives are given by
To calculate the second order derivatives, it is required to determine the first order variations, δξ p and δξ ι -, in the eigenfunction, which are solved from
. The second order derivatives are then given by
In the above equations, To consider a realistic stellarator equilibrium, we use the VMEC [13] code to compute an equilibrium. To solve the ballooning equation, we adopt a finite difference method, as described by Sanchez et al. [14] . The eigenfunction is represented by a discrete set of (2N + 1) points ξ i equally spaced along a selected field line on the 'full-grid' according to 
Here, Q i and R i are calculated on the full-grid at η i , whereas P i+ The eigenvalue perturbation theory is valid for discrete (non-degenerate) eigenvalues and as such the theory is valid only for the unstable spectrum (though discretization will eliminate the continuous spectrum). This problem may be avoided by adjusting the pressuregradient using the method of profile variations to find an unstable eigenmode. The stability diagram may then be based on this point.
The analysis is completely general and applicable to axi-symmetric devices such as tokamaks, where it is known that shaped configurations possess stronger second-stable regions.
The method has been applied to a variety of stellarators with similarly satisfactory results to that presented here. The analysis presented in this letter may be of great benefit to stellarator optimization routines and future stellarator designs, existing stellarator experiments, and also to the study of micro-instabilities which employs a similar eikonal approach. 
